A study of binary systems composed of two point particles with different masses in the linear regime of the characteristic formulation of general relativity is provided. The boundary conditions at the world tubes generated by the particle's orbits are explored, when the metric variables are decomposed in spin-weighted spherical harmonics. The power lost by the emission of gravitational waves is computed using the News Bondi's functions, and the contribution to the gravitational radiation of several multipole terms is shown. 
I. INTRODUCTION
The characteristic formulation in outgoing null cones of general relativity provides an interesting point of view for treating gravitational radiating systems, since it is based on radiation coordinates. Originally formulated by Bondi et. al. in the 1960's [7, 14] , it has served as the basis for the development of recent and accurate characteristic numerical codes [1, 2, 8, 11, 12] .
The main purpose of such codes is to simulate the gravitational radiation patterns produced, for example, in stellar collapses or by coalescing black hole -black hole (BH-BH), black hole -neutron star (BH-NS) or neutron star -neutron star (NS-NS) binary systems. As calibration tools, some toy models have been constructed from the analytical solutions of the Einstein field equations in the linear regime (see, e.g. Ref. [6] ).
These toy models allow the study of the boundary conditions satisfied by the metric and their derivatives in different situations in a simple, clear and straightforward way. Bishop, in Ref [6] and in a set of slides presented in different meetings [3] [4] [5] , provides a prescription to solve the field equations for the vacuum in the linear regime. Then, he constructs solutions for a variety of simple systems, such as a static and a dynamic thin shells in Minkowski and Schwarszchild backgrounds, and a binary system composed of point particles of equal masses moving in circular orbits.
In these works, the metric variables are expanded in terms of the s Z lm spin-weighted spherical harmonics, the solutions for the field equations for the vacuum are shown and the boundary conditions satisfied by the coefficients of the harmonic expansion for l = 2 are computed.
However, how the boundary conditions depend on the modes l and m are not fully explored, and most importantly, binaries of different masses in circular orbits are not considered.
In the next sections, the case of binary systems composed of two point particles with different masses moving in circular orbits is studied. The boundary conditions satisfied by the coefficients of the metric variables and the loss of energy through the emission of gravitational waves are considered in detail for modes with l ≥ 2. In particular, the contribution to the gravitational radiation by the (l) odd modes due to the asymmetry (different masses) of the system is considered, and it is shown how these terms vanish if the system is symmetric (equal masses).
In order to do so, in Sec. II a brief review of the formalism, the notation used and the Einstein field equations in the characteristic formulation in null cones oriented to the future using the eth formalism are presented. Also, the solutions for the vacuum obtained from these equations when the metric functions are decomposed into the s Z lm spin-weighted spherical harmonic are shown. In Sec. III the specific solutions for the binary system are constructed and a discussion on the boundary conditions satisfied by the coefficients in the expansion of the metric variables for arbitrary values of the l and m modes is provided.
In Sec. IV the gravitational radiation emitted is computed via the Bondi's News function.
Finally, in Sec. V the conclusions and other issues for further studies are presented.
II. FORMALISM
The characteristic formulation based on null cones oriented to the future, when the eth formalism is employed, is well known and has been used to explore a wide variety of problems [2, 15] . However, a brief review of some of its more important aspects is necessary to understand the notation and conventions used here. It is employed the geometrized units system, i.e. G = c = 1. The Greek indices runs from 1 to 4, whereas the capital latin letters runs from 3 to 4, labelling the angular indices. The coordinates used are x µ = (u, r, x A ), where u is the retarded time that labels each null cone in which the space-time is foliated, r is the luminosity distance and x A represents the angular coordinates. Here x A can denote (θ, φ) or (q, p) for the usual spherical coordinates or for the stereographic two patches representation, respectively. In these coordinates the Bondi-Sachs metric takes the form,
where w and the redshift β are related to the Newtonian gravitational potential and the square of the ADM lapse function, respectively. The shift vector between two successive null cones is labelled by U A . The metric associated with the angular manifold (unit sphere)
is represented by h AB (q AB ). In addition, the Bondi's gauge is imposed, i.e. det(h AB ) = det(q AB ) = 1; and it is required that h AB h BC = q AB q BC = δ 
i.e., where the overline indicates complex conjugation (for a complete review of these operators and their properties, see [9, 10, 13] ).
The Einstein's equations can be written as
and in this formalism, they are decomposed as
which corresponds to hypersurface, evolution and constraint equations, respectively.
In the linear regime, the following set of equations, as originally obtained by Bishop [6] , is given by
In order to solve the field equations (3a)-(3g) for the vacuum, the following expansion for the metric variables is used
where l,m means ∞ l=2 l m=−l and s Z lm are the spin-weighted spherical harmonics, which are defined in [16] as s R lm and are eigenfunctions of the ð, ð operator. This procedure provides a set of ordinary differential equations for the coefficients in the above expansions.
The families of solutions, for l = 2, satisfying this system of equations for the vacuum read
where the constants of integration are represented by D nF lm ; here n numbers the constant and F corresponds to the metric function whose integration generate it. This set of families of solutions depends only on four constants, namely, D 1β2m , D 3J2m , D 1J2m and D 2J2m . This is so because the families of solutions for the coefficients β 2m , J 2m , U 2m and w 2m resulting from (3a)-(3d) are constrained by using (3e)-(3g). Obviously, this fact is independent of l, and thus the set of families of solutions for any l will have four degrees of freedom.
The imposition of regularity for the metric variables at the null cone vertices and the no incoming radiation condition, do not determine a unique solution. Therefore, additional boundary conditions must be imposed. In particular, this can be done imposing boundary conditions on hypersurfaces, such as in the case of the thin shells studied by Bishop [6] .
III. BINARY SYSTEM
Now, we consider a system composed of two point particles with different masses orbiting each other in circular orbits. Such a system allows to explore with full detail the boundary conditions on their hypersurfaces, i.e. those generated by their orbits as sketched in figure 1.
Note that in this case, the metric variables and their first derivatives present discontinuities. The density that describes the binary system is given by
where, r i (M i ) are the orbital radius (mass) of each particle and r 1 < r 2 .
The orbits of each mass generate world tubes, which are extended along the retarded time, allowing the separation of the space-time into three empty regions: inside, between and outside the matter distribution. The field equations have already been solved for each region, as shown above for l = 2. As divergent solutions are not expected at the vertices of the null cones, regularity at these points must be imposed for the metric. In order to do so, an expansion of the metric variables around r = 0 in power series of r is made and the divergent terms are cancelled. This procedure establishes relationships between the coefficients, leading to a family of solutions for the interior that depends only on one parameter to be determined, where in particular β lm− (r) = 0. For example, for l = 2 one
For the exterior region, since that there is no incoming radiation to the source from the null infinity, the coefficient of the exponential factor (exp(2iνr|m|)) must be null. This means that all constants of the form D 2Jlm+ , with l = 2, 3, · · · , must be zero. Therefore, the number of degrees of freedom for the exterior family of solutions is reduced in one parameter.
For the intermediate region, the same structure of the general solutions is maintained, for the case of l = 2 given by (5a)-(5d). That is so because there is no reason to discard any particular term, or to establish any relationship between the constants as occurs for the interior region. Thus, a family of solutions with eight parameters to be determined, for describing the whole spacetime, is obtained.
These boundary conditions at the world tubes, i.e. when r = r i , i = 1, 2 come from the imposition of discontinuities in the metric coefficients,
and in their first derivatives,
where the brackets mean [f (r)]
From the linearised Bondi-Sachs metric (1), and from the two sets of jump conditions (8) and (9), the coefficients β lm , J lm , U lm and w lm are restricted to satisfy
and for their first derivatives
where j = 1, 2, and ∆w jlm , ∆β jlm , ∆w Solving equations (10) and (11), simultaneously for both world tubes, the boundary conditions are explicitly obtained. We find that
where b jlm are constants. Note that, this last fact implies that ∆β ′ jlm = 0. We obtain that the jumps for the first derivative of the J lm and U lm functions are given by
Thus, the boundary conditions (13) and (14) fix all parameters of the families of solutions, providing the specific solutions for the coefficients. Therefore, these coefficients can be written as
where f lm represents β lm , J lm , U lm and w lm , with the first subscript in the right hand side terms indicating the interior (1), the middle (2) 
These solutions depend explicitly on two specific parameters, namely b jlm , with j = 1, 2, which are related to the density of matter. The specific form of these relationships is obtained by just integrating the first field equation (3a) around each world tube. As a result one obtains
where, ρ jlm are given by
in which νu ∈ [0, 2π), v j is the physical velocity of the particle j in the space, and I j is an interval ǫ around r j that is given by I j = (r j − ǫ/2, r j + ǫ/2), with ǫ > 0. In order to include the null infinity, which is reached when r tends to infinity, a radial compactified coordinate s is defined as follows
where R 0 is a compactification parameter. Thus, 0 ≤ s ≤ 1, where s = 0 and s = 1 corresponds to the null cone vertices and the null infinity, respectively.
Here M 1 = 1/2, M 2 = 1, R 0 = 2, and the radius of each orbit is referred to the center of mass of the system, namely
where µ is the reduced mass of the system and d 0 is the separation of both masses. The frequency of rotation ν is computed by means of Kepler's third law, i.e.,
It is worth noting that the jumps in β lm and w lm functions are present at exactly r 1 and r 2 , whereas for J lm and U lm only their first derivatives present discontinuities, in agreement with the boundary conditions (13) and (14).
To illustrate the behaviour of β, J, U and w we present in figure 3 these variables as a function of s and φ for a particular value of the retarded time u. These functions are constructed by using the equations (4), and the solutions for the coefficients for each l and m. In this case, we use l ≤ 8. As expected, the metric functions β and w and the first derivatives of J and U show jumps at (r, θ, φ) = (r 1 , π/2, νu) and (r, θ, φ) = (r 2 , π/2, νu − π), which are just the positions of the masses, in agreement with the boundary conditions initially imposed.
IV. GRAVITATIONAL RADIATION FROM THE SOURCE
The energy lost by the system through the emission of gravitational waves, is obtained from the Bondi's News function. Following Bishop [6] , the News function is given by,
Substituting the metric variables as in (4), one obtains
Now, substituting the coefficients for the metric variables for the exterior region, one obtains
− 256i 
where we define the spin 2 quantity 2 S lm as
Since the binary system is confined to a plane, then a natural choice to simplify the problem of expressing the News function, without loss of generality, is to put the masses to move in the equatorial plane θ = π/2. This means symmetry of reflection for the density of matter and, consequently, for the space-time. Thus, this choice restricts the components of the density, obtained from (18), to have the following form 
When the explicit solutions are used, the News functions for the binary system take the
where,
and 2 L lm are defined as
The energy lost by the system dE/du is related to the News function, via 
V. SUMMARY AND CONCLUSIONS
In this study we generalize a previous work by Bishop, in particular that concerned with binary systems composed of two components of equal masses. Here we consider the case in which the components of the binary systems have different masses, although still in circular orbits.
We show that, instead of two regions, as in the case of binaries with equal components, the spacetime needs now to be separated in three regions, namely, interior, between and outside the two world tubes. As a result, the matched conditions need to be applied now for two hypersurfaces generated by the circular orbits of the two (different) masses.
In that event, it has been necessary to generalize the boundary conditions satisfied by the coefficients in the spin-weighted spherical harmonics expansion, on the two hypersurfaces generated by the circular orbits of these two (different) masses. Also, the procedure developed here allows one to perform calculations for arbitrary values of the l and m modes.
It is worth stressing, that one of the interesting aspects of the present study, has do with the development of a procedure that can be applied in problems in which multi layers are present.
We also calculate the energy lost by the emission of gravitational waves by means of the Bondi's News function. Again, we do that for arbitrary multipoles, in other words, for different values of the l and m modes. The interesting point here is that for different masses the emission of gravitational radiation occurs for all values (multipoles) of l ≥ 2.
Finally, it is worth stressing that, for the particular case of binary systems with equal components, the multipole terms for odd values of l vanish.
